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1 BBe^GHHe 

CTaTbfl ocHOBana na MaTepnajiax cneijKypcoB aBTopa b ynHBepcHTeTe >Ko3e4) <I>ypbe (rpeHo6jib, 
OpaHijHfl) , jieKiiHii aBTopa ^jih (J)paHLi,y3CKHx ne^aroroB b HncTHTyTe Hccjie^OBaHHH MaTenaTHHec- 
Koro IlpocBemeHHa (IREM, rpeHo6jib, <I>paHLi,HH) b 1998, b Bkojib Hopnajib (JIhoh, <I>paHLi,HH), a 
TaKJKe Ha MaTepnajiax cneiiKypcoB na Mex-Maie MFY b 1979-1991 h b 2001. 
B CTaTbe o6cy}K^aiOTca cjie^yiomHe TeMbi: 



1) IlpHMepbi npoH3BOflfliri,Hx 4)yHKLi,Hii, MO^yjiflpHbie 4)opMbi H cpaBHeHHfl. Xlpe^CTaBJieHHe ije- 

JlblX HHCejI KBcliUpaTHHHblMH (jjOpMaMH. 

2) Pa^bi BiiaeHniTeiiHa h cpaBnenHfl jijir (JjyHKiiHH PaMaHyfljKana. 

3) Hncjia H MHoroHJieHbi BepnyjiJiH, cpaBnenHfl KyMMepa 

4) Mepa Maaypa h p-a^HHecKoe HHTerpHpoBaHHe. 

2 npoH3BOflaiij,He 4)yHKLi,HH, MO^yjiapHbie c})opMbi h cpaBHe- 
HHa. 

2.1 npOH3BOflHIlj;He cJjyHKI^HH 

Tpa^HIJHOHHOH 06jiaCTbK) npHMeHeHHH npOH3BO^fliri,HX 4)yHKLl,Hii SBJIfleTCfl K0M6HHaT0pHKa H Teo- 

pna pa36HeHHii. IlycTb — hhcjio pa36HeHHH naTypajibHoro HHCJia n b cyMMy naTypajibHbix 
Hey6biBaioiri,Hx cjiaraeMbix: 



p(l) = l 


: 1 


-1; 


p{2) = 2 


: 2 


-2, 


p(3) = 3 


: 3 


-3, 


p(4) = 5; 


p{5) 


= 7. 



Tor/],a npoH3BO^iiii],eH 4)yHKLi,HH ^jih cnpaBe^jiHBO To:ac^ecTBO Sfljiepa: 

cso oo 

1 + 5] p(n)g" = n (2.1) 

n—1 ni—l 

^eHCTBHxejibHO, Henocpe^CTBeHHoe nepeMHo:^eHHe noKasbiBaex, hto 

oo oo 

Y[{i- q"T^ = n (1 + + + +■••)= 

m— 1 m— 1 

{l + q + q'^ + q^-\ ) x (1 + q'^ + q* + q^ ^ ) x • • • 

ai+2a2+3a3+-' 

y 

ai>0,a2>0,a3>0,' 



a p(n) KaK pa3 h ecTb hhcjio pemeHHii ijejibix HHCJiax oi, 02, 03, > «ypaBHeHHfl c 6ecK0HeHHbiM 
HHCJiOM nepeMeHHbix» 

fli + 2a2 + 3a3 + • • • = n. 



0Ka3biBaeTCfl, hto 6ecK0HeHHbie npoH3BefleHHH rana (2.1 1 TecHO CBfl3aHbi c TSTa-pa^aMH. Hanpn- 
Mep, npH |g| < 1, u HMeeM (cm. |And76) 1 

00 00 

u^q''" = n (1 ~ + "'7'™+')(l + (ilKo6H), 

n— — 00 m— 
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-.2m N 



n=0 

m— 1 

KOTopbie BbiBO^HTCfl H3 6ojiee o6iri,ero TOJK^ecTBa KoniH: npn |q|<l, |t|<l, aG 



^^^^ (l_5)(l_52)...(l_^n) ^ ■ 



n (1 - ) 

oo 



m=0 

BoT HJiJirocTpaijHfl BbiHHCJieHHfl c PARI-GP (cm. |BBBC0| 1: 
gp > {n=100;\\ 

prod(i=l,n, (l-x-(2*i)))*prod(i=l,n, ((l-x-(2*i-l) )-(-!) )+0(x-(n+l)) ) 
} 

7.5 = 1 + X + x~3 + x~6 + x~10 + x~15 + x~21 + x~28 + x~36 + x~45 + x~55 + x~66 + 

x-78 + x-91 + O(x-lOl) 
gp > ## 

*** last result computed in 451 ms. 



2.2 IIpe^CTaBjieHHe i];ejii>ix hhcgji KBa^paTHHHbiMH cJ^opiviaMH. 

IlyCTb 

f{x) = f{xi, ...,Xn)^ E ^tJ^i^J = = X^Ax, 

i,3 = l 

■m 

9{y) = 5(2/1, ■ • • ,ym) = E '^^jy^yj ^ ^\-y^ = y^^y^ 

— ijejiOHHCJieHHbie KBciflpaTHHHbie 4)opMbi c MaTpHijaMH Am B. By^eM roBopHTb, HTO KBa^paTHHHaa 
(J)opMa / npedcmaeAMem g Had Z ecjiH fljiR neKOTopoii ijejiOHHCJieHHoii MaTpHiibi C G M„,„j(Z) 
BbinojiHeno TOJK^ecTBO 

f{Cy)^g{y), A[C] = B. (2.3) 
B HacTHOCTH, npH m — 1 n g{y) — by^, f npe^CTaBJiaeT (jjopMy g ecjim /(ci,...,c„) — b ^jih 

HeKOTOpblX ijejibix HHCejI Cl, . . . , c„. 

JlarpaHJK ^OKaaaji, hto BCflKoe ijejioe hhcjio npe^CTaBHMO cyMMoii HeTbipex KBa^paTOB. 3tot 
(|)aKT BbiBO^HTca TaKJKe H3 (6ojiee Tpy^Hoii) TeopeMbi Faycca o tom, hto ijejioe nojiojKHTejibHoe 
HHCJio 6 > Tor^a h TOJibKO Tor^a ABJifleTCH cyMMoii Tpex KBa^paTOB, Kor^a oho ne flBJiaeTCfl 
HHCJiOM BH^a 4*^(8/- 1), k,l gZ (cm. [SeTO] . pMa-PaOSj ). 

IlyCTb 

rk{n) = Card{(ni,. . . , rifc) G Z'= | H h n^. = n}. (2.4) 
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HHCJio npe^CTaBJieHHH n b BH^e cyMMbi k KBa^paTOB. Tax, nanpHMep, r2(5) = 8, nocKOJiBKy 
5 - 2^ + l2 = 2^ + (-1)2 = (-2)2 + l2 = (-2)2 + (-1)2 = 

= l2 + 22 = (-1)2 + 22 = l2 + (-2)2 = (-1)2 + (_2)2. 

B 6ojibmoM HHCJie cjiyHaeB naiifleHbi 4)opMyjibi fljiR HHceji npe^CTaBJienHii. IlpHBe^eM jinnib KJiac- 
CHHecKHH pesyjibTaT 5Iko6h, (cm. I And 76] . |Ma-Pa05] l: 



r4(n) = < 



8 d, ecjiH n neHeTHO, 

24 d, ecjiH n HeTHO. (2-5) 



d=l(2) 



H3 KOToporo TaKJKe cjie^yeT Teopena JlarpanjKa. MeTO^ ^OKaaaTejibCTBa SToii TeopeMbi ocHOBan 
Ha BBe^eHHH npoHSBO^Hmen (J)yHKLi,HH fljiR HHceji rk{n): 

oo 

n=0 (ni,...,nfc)GZ'« 

0(z) = ^g"^ 9-e2"^ (2.6) 

— T3Ta-4)yHKLi;Hfl, KOTopafl paccMaTpHBaeTCfl xax rojiOMop4)Hafl 4)yHKLi;HH na Bepxneii KOMnjieKCHoii 
nojiynjiocKOCTH IHI = {z S C | Im(z) > 0} h o6jiaflaeT pa^OM 3aMeHaTejibHbix anajiHTHHecKHx 
CBoiicTB. 9th CBoiicTBa nosBOJiaroT o^HoanaHHO oxapaKTepHSOBaTb 9'^{z) xax ModyAxpHym (fjopMy 
eeca 2 OTHOCHTejibHO rpynnbi ro(4), r^e HcnojibsyeTca o6o3HaHeHHfl 



iV|c^ CSL(2,Z). (2.7) 



/IpyrHMH cjiOBaMH, rojiOMop(J)Hbra ^HcjscjsepeHiiHaji 0^(z)dz ne MenaeTca npn flpo6HO-jiHHeHHbix 
npeo6pa30BaHHflx z i-^- {az + b){cz + d)^^ c MaTpnijeH f ^ d) ^'^ -'^o(4) (h y^OBJieTBopaeT oijeHKaM 



dq 

peHiiHaji MepoMop(J)eH c npocTbiM nojirocoM b TOHxe q = <==^ z = ioo). 



peryjiflpHOCTH pocTa npn Im(z) — > oo b BepniHHax; saneTHM, hto 2i:idz — nosTOMy ^Hcjjcjje- 



2.3 MoTHBHpoBKa: cJjyHKii;Ha PaMaHy^^Kana r h ee KOHTeKCT. 

B KaHecTBe HJiJirocTpaiiHH k o6iri,eii TeopHH npHBe^eM necKOJibKO y^HBHTejibHbix cbohctb (jjyHKiiHH 
PaMany^jKana t. 

9tot snaMeHHTbiii npHMep nponcxo^HT h3 nponcxo^HT h3 cjieflyiomeii npoHSBO^flineii (J)yHKLi;HH, 
onpe^ejieHHoii pasjioxceHHeM b pa^ cjie^yiomero 6ecKOHeHHoro nponsBe^eHHa: 

9 n (1 " = = 9 ~ 24^2 + 252g3 _ I472q'* + • • • 

m>l n>l 
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IlojiojKHM q = exp(2i7rz) ^jia z h3 BepxHeii KOMnjieKCHoii nojiynjiocKOCTH H = {z G C | Im(z) > 0}, 
3T0 rojiOMop4)Hoe OTo6pa>KeHHe H na e^HHHHHbiii Kpyr c bmkojiotmm ijeHTpoM g : H — )■ -D(0, 1)\{0}. 

Onpe^ejiaeTCfl (J)yHKLi,Hfl A : EI — > C, rojiOMop(|)Hafl na H, no (J)opMyjie: 

m>l 



9Ta (JjyHKiiHfl ^aeT npHMep MO^yjiflpnoii (J)opMbi. Ona o6jia^aeT pa^OM saMenaTejibBbix cbohctb: 

ABTOMOp(J)HOCTb 

Fpynna SL(2, Z) iiejiOHHCJiennbix KBa^paTHbix 2 x 2-MaTpHLi, c onpe^ejiHTejieM 1 ^eiicTByeT na 
H = {z e C I Im(z) > 0} no (jjopMyjie 

CbOHCTBO aBTOMOp(J)HOCTH HMeCT BHfl: 

V7== ( °M G SL(2,Z), VzgH^ A(7-z) = (cz + d)i2A(z). (2.8) 



SaneTHM, hto cbohctbo aBTOMopcjjnocTH (2.8 IpaBnocnjibno TOMy, hto, rojiOMopcJ^nbiii flH(|)(|)epeH- 



n,Haji A(z)((iz)^ ne MenfleTCH npn ^po6HO-jiHHeHHbix npeo6pa30BaHHflx z i— > (az + 6)(cz + d) ^ c 
MaTpHn;eH in SL(2,Z), nocKOJibxy pjiR Bcex 7 G SL(2,Z), n ^jih Bcex z G H, nneeM 



7 = ( " ^ ] ^ d(7 . z) = (cz + rf) ^dz. 

OTCHD^a nenocpe^CTBenno BbiTexaeT, hto ^jia jiio6oro naiypajibHoro m rpynna SL(2,Z) ^eiicTByeT 
na MHOJKecTBe rojiOMopcjanbix 4)yHKn,HH /(z)Ha z G H no (J)opMyjie: ^jia 7 G SL(2,Z), n ^jih z G H, 
HMeeM 

(^eiicTBHe Beca 2m), a cbohctbo aBTOMopcjjnocTH (2.8l osnanaeT, hto V7 = d) ^ ^|i27 = A. 

IlosTOMy (2.81 ^ocTaTOHHO npoBepHTb na o6pa3yK)m,Hx rpynnbi SL(2,Z). Hcnojib3yeM tot (J)aKT, 

•ll^„c (-0-1- 



HTO rpynna SL{2,Z) nopojK^ena MaTpniiaMn T = (gj) n 5* = (iV)' ^To6bi b stom y6e^HTbCfl, 
HcnojibsyeTCfl ajiropnTM EbRjin^a npHMennTejibno k nape (a, 6), a TaKJKe CTenenn sjienenTa S, 
HMeiom,ero nopa^OK 4. 

OTCIO^a BblBO^HTCa, HTO CBOHCTBO aBTOMOpcjjHOCTH ( |2.8[ l ^OCTaTOHHO HpOBepflTb ^Jlfl SJieMBHTOB 

S m T, T.e. 

A(z + l) = A(z), A(-l/z) = z12A(z), 



CM. HHJKe. 
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MyjIbTHnjIHKaTHBHOCTb. 

fl>yHKLi,Ha PaMany^iJKaHa r MyjibTHnjiHKaTHBna b cjie^yromeM CMbicjie [o6o3HaHHM Hepe3 P MHOJKe- 
CTBO Bcex npocTbix HHceji]: 

{Vm £ N* , Vn e N*, (m, n) = 1 T{mn) = t(to) • r(n); 
Vp e P, Vr e N*, t(p''+1) = t(p'^)t(p) -]9"t(p'-1); 
Vto e N*, Vn e N*, r(m)T(n) = ^ d^\{mn/(f). 
d\ {7n,n) 

9th CBOHCTBa 6biJiH npe^nojiojKeHbi PaMany^jKaHOM h ^OKasanbi Mop^ejiJiOM h FeKKe. Bo3mo}kho, 

o^HaKO, HTO He cymecTByeT "sjieMeHTapnoro" ^OKasaTejibCTBa sthx cbohctb, b ^yxe TeopeMbi Fe^e- 
jiH o He^OKaayeMOCTH cpe^CTBaMH sjieMeHTapnoii apncjjMeTHKH, CM. jMa-Pa05] . MojKeT OKasaTbca, 
HTO jKe 3aMeHaHHe othochtca h k Teopene <I>epMa, ^OKaaanoii YaiijicoM b 1994 b Bbicmeii CTenenn 
"nesjieMeHTapHbiMH" MeTO^aMH [BKJiroHaromHMH TeopHK) MO^yjiapnbix (|)opM, p-a^HHecKHii anajiHS, 
TeopHK) ^ecjjopMaiiHH npe^CTaBJieHHii Fajiya, ajire6paHHecKyK) reoMeTpHK), ...]. 

EcTecTBeHHaa (jaopMyjinpoBKa cbohctb MyjibTHnjiHKaTHBHOCTH 4)yHKLi,HH PaMany^jKana Hcnojib- 
3yeT pflfl /JnpHXJie, CBHsaHHbiii c 4)yHKLi,Heii r: 

L(A, s) = ^ r(n)n-^ = 11 " ^(P^P^'^ + p'^'^T' ■ 

n>l p6P 

9tot pfl^ anajiorHHeH pfl^y ^npnxjie sa^aromeMy ^aeTa-cjayHKijHK) PHMana, 

n>l peP 

r^e paBencTBO BbipajKaeT cbohctbo cymecTBOBanHfl h e^HHCTBeHHOCTH paajiojKeHHfl naTypajibHoro 

HHCJia B npoH3Be^eHHe npocTbix HHceji. 

ToHHO Tax >Ke h b cjiy^ae (J)yHKLi,HH PaMany^jKana r, cnpaBe^jiHBO Toac^ecTBO 

n>l peP \ r>0 / 

a ^OKaaaTejibCTBO peKyppenTHbix (jsopMyji cbo^htch k paBencTBy: 

(1 - T{p)p-^ + . ( J2 riplp-A = 1 

\ r>0 J 

On;eHKH. 

Cjie^yromee cbohctbo, nepBonaHajibHO npe^nojiojKeHHoe PaMany^jKaHOM, 6biJio ^OKasano /JejiH- 
HeM: 

VpeP, |t(p)| <2p"/2_ 

9to CBoiicTBO SKBHBajieHTHO OTpHijaTejibHOCTH ^HCKpHMHHaHTa MHoroHJieHa BTopoii CTeneHH — 

t(p)X +P^^, flJI-H BCeX npOCTblX HHCBJI p. /^Jlfl 4)HKCHpOBaHHOrO p, nyCTb ttp H /3p - KOMnjieKCHO- 

conpajKeHHbie KopHH STOro MHOroHJiena. Hs (jjopMyjibi MyjibTHnjiHKaTHBHOCTH cjie^yeT, hto: 
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(l-r(p)X + piiX2) {1 - apX){l - f3pX) 



. r>Q I 



/Jjifl Bcex r > 1 BbiBO^HTCfl cooTHomeHHe r(p'") = a^/J^ = o?J J)_ A6cojiK)THaH 

i=o i=o 

BejiHHHHa ttp paBHa p^^/^, OTKy^a cjie^yeT oijeHKa 

IlpHMeHeHHe (jjopMajibHoro TOJK^ecTBa ^aeT cjie^yromyio oijeHKy 

Vn e N*, |r(n)| < ctqW""^^ = 0(nT+=) 

r^e (To(^) ^ HHCJio ^ejiHTejieii HHCJia n, r^e 0(ln(n)) = 0(n^) fiJiR jiK)6oro e > 0. 

OTCHD^a, B HacTHOCTH, BbiBO^HTCfl, HTO pfl^ L(A, s) a6cojiK)THO cxo^HTCfl H onpe^ejifleT rojio- 
Mop(J)HyK) (J)yHKLi,HK) B npaBOH nojiynjiocKOCTH Re(s) > 13/2. 

3>yHKi];HOHajibHoe ypasHeHHe ^jifi L(A,s). 

Onpe^ejiHM 4)yHKLi,HK] L*{A,s) no cJjopMyjie L*{A,s) = (27r)~T(s)L(A, s). 9Ta 4)yHKLi,Ha, c o^- 
Hoii CTopoHbi, npo^ojiJKaeTCfl rojiOMopcjanoii (JjyHKiiHH na Bceii KOMnjieKCHoii njiocKOCTH C, h 
3Ta (|)yHKLi,Hfl y^OBJieTBopaeT (JjyHKiiHOHajibHOMy ypaBHennK) L*(A,12 ~ s) — L*(A,s). Mojkho 
cpaBHHTb 3T0 4)yHKLi,HOHajibHoe ypaBHeHHe c 4)yHKLi,H0HajibHyM ypaBHenneM jijir ^seTa-cjjyHKiiHH 
PHMana C(s) 

C(s) = 7r-^/2r(s/2)C(s)^C(l-s). 

CBH3b C HHCJiaMH pa36HeHHH. 

HanoMHHMjHTO pa36HeHHeM naTypajibHoro nncjia n nasbiBaeTca Hey6biBaK)iri,afl nocjie^OBaTejib- 
HOCTb HaTypajibHbix HHceji c cyMMOH, paBHOH n. <I>yHKiiHfl HHCJia pa36HeHHH o6o3HaHaeTCfl nepes 
p : N — > N npHHCM nojiaraiOT p(0) — 1. 

KaK Mbi BH^ejiH, npoH3BOflfliri,HH pfl^ (J)yHKLi,HH p : N ^ N ^aeTca 6ecK0HeHHbiM npoHSBe^eHneM 
p{n)q^ — (1 — g™)"^. CooTBeTCTByiomafl rojiOMopcjjHafl (jjyHKiiHa nepeMenHon q cxo^HTca 

n>0 m>l 

B OTKpbiTOM Kpyre. IlosTOMy nojiynaeTCfl rojiOMOp(J)HaH (JjyHKiiHfl na H, / : EI — > C r^e 



n>0 m>l 

llMeeT MecTO pabencTBO A(q) = q{f{q))~'^'^ CBflSbiBaromee (jjyHKijHio nncjia pa36HeHHii h (jjyHKijHK) 
PaMany^jKana r. 

Hcnojib3yH cbohctbo aBTOMopcjjHOCTH, Xap^H H FaMany^jKaH ^OKasajin cjie^yromyio oijeHKy 

/I , ^/ l^^ exp(X.A(n)) 



r^e A(n) = Jn - \ n K ^ (cm. IChandTO] !. 
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CpaBHeHHe PaMaHy^xcana h npe^cTasjienHH rpynn Fajiya. 

CpaBHeHHe PaMaHy^jKana yTBepjK^aeT, hto 

Vn e Z+, T{n) = d"mod 691. (2.9) 

d\n 

B HacTHOCTH, r(691) = -2747313442193908 ee Imod 691. 

/JocTaTOHHO npoBepHTb cnpaBe^jiHBOCTb cpaBHeHHfl t(p) = 1 + p^^mod 691 ^jih jiK)6oro npo- 

CTOrO HHCJia p OTJIHHHOrO OT 691. /JeiiCTBHTejIbHO, TOr^a B CHJiy MyjIbTHnjIHKaTHBHOCTH H B CHJiy 

peKyppeHTHbix cooTHomenHH no r 6y^eM HMeTb 

r+l 

t{p'+^) = T(p'-)r(p) -p"t(p'-1) = ^p"^mod 691, 

3=0 



OTKy^a 6y^eT cjie^OBaTb h o6iri,ee cpaBHeHne (2.9 1. Cepp Hameji o6MCHeHHe SToro Kypb&Horo 



cpaBHeHHH B paMKax TeopHH npe^CTaBJieHHH rpynn Fajiya. 

IlycTb Q - ajire6paHnecKoe saMbiKanne nojia Q pan,HOHajibHbix nnceji. IlycTb p - npocToe nncjio, 
OTJinnnoe ot 691 n p - nponsBOJibHbiii npocToii n^eaji na^ (p) b KOJibn,e n,ejibix sjieMenTOB Q. 
06o3HanHM nepea Gp n Ip no^rpynnbi rpynnbi Fajiya G — Gal(Q/Q) onpe^ejiennbie paBencTBaMn: 

Gp = {a e G \ ap = p} 

/p = {cr e Gp I Va; e 0, ax = x mod p}. 

Fpynna Gp naabiBaeMaa rpynnon pasjiojKennfl, OTOJK^ecTBJiaeTca c rpynnoii Fajiya ajire6paH- 
necKoro saMbiKbinna Qp nojia Qp p-a^nnecKHX nnceji, ee nopMajibnaa no^rpynna Ip nasbiBaeTca 
rpynnoii nnepitHn, a (JjaxTop-rpynna Gp/Ip OTOJK^ecTBJifleTCfl c rpynnoii Fajiya ajire6paHnecKoro 
saMbiKbinna Konennoro nojia ¥p. 9Ta rpynna nopojK^aeTCfl sjienenTOM <I>po6eHHyca Fvp. 

Cepp npe^nojiojKHJi, a ^ejinnb ^OKaaan, hto jijir jiK)6oro npocToro nncjia I, cymecTByeT Taxoe 
npe^CTaBJienne Fajiya pi : G GL(2,Zi), hto jijir jiK)6oro npocToro nncjia p OTJinnnoro ot I, 
rpynna HHepn;HH Ip TpHBnajibHO ^encTByeT (i.e. pi nepasBeTBJieno b p), n det(Id—pi(Frp) ■ X) — 

1 — t{p)X + p^^ . B cjiynae / — 691 cnpaBe^jiHBO cpaBnenne pi(Frp) = (^^^ *^ mod 691, OTKy^a 

t{p) = 1 +p"mod 691. 

Bnocjie^CTBnn, Taxne npe^CTaBJienna Fajiya nocjiyjKnjin ocnoBoii fljia ^OKaaaTejibCTBa TeopeMbi 
Yaiijica o MO^yjiapnocTH sjiJinnTHnecKHx kphbmx (1994), a TaxjKe rnnoTea Ceppa o MO^yjiapnocTn 
Bcex neneTHbix ^ByMepnbix npe^CTaBJiennii Fajiya na^ KonennbiMn nojiann, ^OKaaannbix b 2007 
H.Kxape H >K.-n. BHHTeH6ep}Ke c ncnojibsOBanneM mbto^ob M.Kncnna, >K.-M. "toHTsna n P.Tsii- 
Jiopa (JleTHflfl mKOJia b Mapcejie-JliOMHHH, niojib 2007). 

3>opMyjibi KD.H.MaHHHa 

HcnojibsyH n,enHbie flpo6H n MO^yjiflpnbie chmbojim, lO.H.Mannn nameji (jjopMyjibi ^jih 4)yHKn,HH 
PaMany^jKana T(n), ^aromne ropas^o 6ojiee 6biCTpbiii MeTO^ Bbinncjiennfl SToii (J)yHKn,nH, nen 
MeTO^ pasjiojKennfl b pa^ 6ecKOHenHoro npoHSBe^enna, njin jKe MeTO^ ocnoBannbiii na pa^ax 9ii- 
senmTeiina (A = (E'f — iJ|)/1728). 9Tn (jaopMyjibi TaKOBbi: 

r(n) = an(n) - ^ '^"^ (if " ^'^'^ " ^(^'^^ " ^^^') 
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Phc. 1: JleTHflfl niKOJia 'THnoTeabi Ceppa o MO^yjiflpHOCTH" b Mapcejie-JliOMHHH, Hiojib 2007 



r^e CTii(n) — d}^ a bo BHeniHeii cyMMe ^ cnpaBa cyMMHpoBaHne npoHSBO^HTca no Bcen 

d\n 

ijejibiM pemeHHHM ypaBHennfl, n — A A' + 66', KOTpbie "^onycTHMbi", T.e. y^OBJieTBoparoT ycjiOBHSM 
{(A,(5)|n== AA' + M', A>5>0, A' > ^ > 0, r^e 
A|„, A'.£,*'.0,0<A<1)^ 

KpoMe Toro, HJienbi c — ^ 6epyTCfl b cyMMe c KOScjscjsHiiHeHTOM ^. 9Ta (|)opMyjia, b nacTHOCTH, 
flaeT HOBoe ^OKaaaTejibCTBO cpaBHenHii PaMany^jKana 

T{n) = crii(n)(mod691). 

C noMombHD 3THX (jjopMyji MOJKHO TaKJKe HaiiTH r(6911) — —615012709514736031488, npn^eM 
OKasbiBaeTCfl, hto t(6911) = 1 + 691l"(niod691), ho t(6911) ^ 1 + 691l"(mod691^). 
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BMHHCJIGHHe c PARI-GP 

(cm. TaKxe 

\protect\vrule widthOpt\protect\href {http : //www. research. att . com\striiig~iijas/ sequences/A000594}{http : / 
D. H. Lehmer, Tables of Ramanujan's function tau(n) , Math. Comp., 24 (1970), 495-496.) 

nporpaMMa Ha PARI-GP: 
{ 

m=ll;n=2 ;si(n,m)= p=0; fordiv(n,d, p+= d"m) ; p \\ cyMMa CTeneHeii flejiHTejieii 

} 

{ 

sl(n)=d3=l; vdl=[]; cl=0; 

\\ nepsas nacTt cyMMH (c \Delta>\delta>0 , \ \Delta' >\delta' >0 
f or (dl=l ,n-l , f or (d2=l ,n-l , if (n-dl*d2>0 , 
fordiv(n-dl*d2, d3,if (((d3<dl)& ( (n-dl*d2) /d3<d2) ) , 
d4=(n-dl+d2)/d3; cl=cl+l; 
vdl=concat(vdl, [[dl,d2,d3,d4,cl]]) ; 

print("Delta="dl,"\t", "Deltap="d2 , "\t" , "delta="d3 , "\t" , " deltap=" (n-dl*d2) /d3, "\t" , cl) ; 

)))));vdl 

} 

{ 

s2(n)= c2=cl; vd2=[] ;f ordiv(n, dl, d2=n/dl;d4=0;for(d3=0,dl/2, \\ BTopaH ^acTB cyMMH (c \delta'=0) 
if(d3==dl/2, c=l/2, c=l) ; c2=c2+l; 
vd2=concat(vd2, [[dl,d2,d3,d4,c, c2]]); 

print("Delta="dl,"\t", "Deltap="d2 , "\t" , "delta="d3 , "\t" , "deltap="d4, "\t" , c ,"\t",c2) 

)) ; vd2 

} 

{ 

tau(n)=sl(n) ; s2(n); lvdl=length(vdl) ; Ivd2=length(vd2) ; sn=0; 
for(il=l,lvdl, sn+= 

vdlEil] [l]-2* vdl[il] [3] "2* (vdl [il] [l]-2- vdl[il] [3]-2)-3); 
for(i2=l,lvd2,sn+= 

(vd2[i2] [5])*vd2[i2] [l]-2* vd2 [i2] [3] "2* (vd2 [i2] [l]-2- vd2[i2] [3] "2) "3); 

si(n,ll)-(691/18)*sn 

} 



gp > tau(lOO) 



Delta=2 Deltap=34 
Delta=2 Deltap=35 
Delta=2 Deltap=36 
Delta=2 Deltap=37 



delta=l 
delta=l 
delta=l 
delta=l 



deltap=32 
deltap=30 
deltap=28 
deltap=26 



1 

2 
3 
4 



Delta=100 



Deltap=l 



delta=50 



deltap=0 



1/2 



291 



'/.3 = 37534859200 \\ \\ pesyjiBTai: tau(lOO) 
gp > ## 
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*** last result computed in 160 ms. 



Mnoro ^pyrnx MeTO^OB cm. b |Sloane] . |Leh70] . OiMeTHM OTRpbiTyro npo6jieMy (npo6jieMa JleMepa) 
o TOM, HTO T(n) He o6pairi,aeTCfl b nyjib. 

/Ipyraa HTepecHaa OTKpbiTaa npo6jieMa coctoht b nocTpoenHH nojiHHOMHajibHoro ajiropHTMa 
BbiHHCJieHHfl r(p) fljiH npocToro HHCJia p. AHajiorHHHbiii peayjibTaT HSBecTen ^jih K034)(J)HLi,HeHTOB 
a(p) npoH3BO^flmero pa^a fE{z) sjiJinnTHHecKoii kphboh E na^ Q ("ajiropHTM Cxoocjja"). Ilo Teope- 
Me Yaiijica, TaKoii pa^ aBJiaeTca MO^yjiapHoii 4)opMoii Beca 2 OTHOCHTejibHO neKOTopoii KOHrpysHn;- 
no^rpynnbi MO^yjiapoii rpynnbi, b to BpeMH,KaK r(p) flBJiaiOTCfl K034)4)Hn,HeHTaMH MO^yjiapnon 
(J)opMbi Beca 12 OTnocnTejibno nojinoii MO^yjiapoii rpynnbi. 



3 KjiaccHMGCKHe MO^yjiapHbie 4)opMbi 

BBOflflTCfl KaK neKOTopbie rojiOMop4)Hbie 4)yHKn,HH na Bepxnen KOMnjieKcnoii nojiynjiocKOCTH H = 
{z £ C I Im z > 0}, KOTopyK) mo>kho TaKHce paccMaTHBaTb Kax o^nopo^noe npocTpancTBO rpynnbi 
G(M) = GL2(M): 

H = GL2(M)/0(2) • Z, (3.10) 

r^e Z = {(q^) \x G M^} LienTp rpynnbi G(M) a 0(2) opToronajibnaH rpynna. Xlpn stom rpyn- 
na GLJ(R) MaTpnn, 7 = ^"^^^^ c nojiojKHTejibnbiM onpe^ejinTejieM ^eiicTByeT na EI flpo6HO- 



jinnennbiMH npeo6pa30BaHHflMH; na jieBbix CMejKHbix KJiaccax (3.101 sto ^encTBne nepexo^HT b 
ecTecTBennoe ^encTBne rpynnoBbiMn c^BnraMH. 

IlycTb r - no^rpynna Konennoro nn^exca b MO^yjiflpnoii rpynne SL2(Z). 

Onpe^ejieHHe 3.1 FojioMopcpHaM (pyHK-nuM, na eepxHeu KOMnAencHou nojiyriAOCKOcmu H = 
{z e C I Im z > 0} / : H ^ C Hoaueaemcsi ModyAMpnou cfjopou hcaoso eeca k oniHocumeAb- 
Ho r, ecAU eunoAHBHU CAedywmue ycAoeuM a) u h): 

a) VcAoeue aemoMopcpHocmu 

f{{ajZ + bj)/{c^z + dj)) = {cjZ + d^)^f{z) (3.11) 

Sam ecex 7 G T; 

b) PezyAMpHocmb e eepmunax: f pezyAsipua e eepmunax 2; G Q U ioo; 3mo osHanaem, nmo Basi 

Kaotcdoso SAeMewm a = (^"d) ^ SL2(Z) (fiyuKV/uii {cz + d)^^ f ^ ^ pasAasaemcji e pjid 

0ypbe no Heompui^ameAbHUM cmeneusiM q^/^ = e{z/N) Bam ueKomopozo uamypaAbHozo 
HUCAU N. ModyAMpuasi ^opMa 

00 

f{z) = a{n)e{nz/N) 

ji=0 

HoaueaemcH napaSoAunecKou, ecAU f o6paui,aemcH e uyAb eo ecex eepmunax 

(m.e. ux pasAOCHcenuM Oypbc codepofcam Auuib cmpozo noAoofcumcAbnue cmenenu q^^'^), 
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see |Se70] . jMa-PaOS] . rjiasa 6. KoMnjieKCHoe BeKTopnoe npocTpancTBO Bcex MO^yjiapHMx 4)opM 
(cooTB. napa6ojiHHecKHx) 4)opM Beca k OTHOCHTejibHO T o6o3HaHaeTCH Mfe(r) (cootb. Sfe(r)). 

•PyH^aMeHTajibHbiii peayjibTaT TeopHH MO^yjiapHbix cJjopM yTBepjK^aeT, hto sth npocTpancTBa 
KoneHHOMepHbi. KpoMe Toro, HMeeM Mfc(r)M;(r) C JAk+i(X). IlpflMafl cyMMa 



M(r) -0Mfe(r) 



k=0 



flBJifleTCfl rpa^ynpoBaHHOH ajire6poH na^ C c KoneHHbiM hhcjiom o6pa3yK)iri,Hx. 

IlpHMep MO^yjiflpHbix 4)opM OTHOCHTejibHO SL2(Z) Beca fc > 4 ^aeTCfl psidaMu dusemumeuHa 



Gk{z) 



(3.12) 



mi ,m2 



(npHM osnanaeT, hto (mi,TO2) ^ (0,0)). /Jjia sthx pa^OB ycjiOBne aBTOMop(J)HOCTH (3.11 
cpe^CTBeHHO BbiBO^HTCfl H3 OHpe^ejieHHs. HMeeM Gk{z) = fljifl HeneTHbix k h 



Gfc(z) = 



2(27ri)'= 
(fc^ 



Bk 
'2k 



(Jk-i{n)e{nz) 



(3.13) 



r^e crfc_i(n) = 'Ylid\n d'^ ^ ^ ^fc o6o3HaHaeT k^ hucjio EepuyAjiu. 

Fpa^ziyHpoBaHHafl ajire6pa M(SL2(Z)) H30Mop4)Ha KOJibH;y MHoroHJienoB ot nesaBHCHMbix nepe- 

MeHHblX G4 H Gq. 



3.1 3>yHflaMeHTajibHaa o6jiacTi> MO^yjiapHoii rpynnbi 

nycTb S' = (" "0^) et T = (q }). HMeeM 

S{z) = -z'\ T{z) = z + 

C flpyroii CTopoHbi, nycTb D no^MHOJKecTBO H cocTOflinee h3 TOHeK z TaKHx, hto \z\ >> 1 h 
|R6(z)| < 1/2. Mbi yBH^HM, HTO D flBJiHeTCfl (jjyH^aMeHTajibHaa o6jiacTbK) pjia ^eiicTBHfl MO^y- 
jiHpHoii rpynnbi r(l) — SL(2,Z) na H, T.e. ecTecTBennoe OTo6pa}KeHHe npoeKii;HH D — + r(l)\H 
ciopteKTHBHO, a ero orpannnenne na BnyTpennocTb D nnteKTHBHO. B to jKe BpeMii mm BH^ejin, 
HTO S* H T nopoiK^aiOT r(l) = SL(2,Z). 

TeopeMa 3.2 1) JJaji ecex z e H cymecmeyem Mampmi^a 7 £ r(l), manan, umo 7(2:) G D. 

2) UpednoAODKUM, umo dee pasAUHHue mouKU z, z' £ D SKeueaAenmHU npu deucmeuu r(l). Tozda 
U.AU Re(z) = ±1/2 u z = z' + I, uau \z\ — \ u z' — —\/z. 

3) Uycmb z € D, u nycrrib St{z) = {76 r(l) | 7(2:) — z} cma6uAU3amop mouKU z e r(l). Tozda 
UMeeM St{z) — {±1} 3a ucKAWueHueM mpex CAedymui^ux CAyuaee: 

z — i, npu smoM St{z) zpynna nopsidna 4 nopoDtcdeuHaM S ; 

z = p ^ e^'^'/^, npu smoM St{z) spynna nopjidna 6 nopoDtcdeuHaji aAeMenmoM ST ~ (11^)/ 
z — — p ~ e'^'/'^, npu smoM St(z) spynna nopjidKU 6 nopoDtcdeHHUM SAeMenmoM TS ~ (1 V) ' 

MnojKecTBO H/ SL2(Z) mojkho OTOJK^ecTBHTb c MOJKecTBOM KJiaccoB n30Mop4)n3Ma sjiJinnTn- 
necKHx KpHBbix na^ C: Tonxe z G H conocTaBJiaeTCH KOMnjieKcnbiii Top C/(Z + zZ) KOTopbiii 
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Phc. 2: ^eiicTBHe rpynnbi SL(2,Z). 
Ha pHcyHKe [2] npe^CTaBJieno ^eiicTBHe rpynnbi SL(2,Z) na Bepxnen KOMnjieKcnon nojiynjiocKOCTn. 



anajiHTHnecKH nsoMop^jen pHManoBon noBepxnocTn sjiJinnTHnecKoii KpnBon, sanncaHHOii b (jjopMe 
B eiiepniTpacca: 

y2 = 4x3-52(z)x-g3W (3.14) 

r^e 52 = 60G4(z), 53(2) = 140G6(^). 

Ilpn aaMene z na 7(2:) ajih 7 = ^ G SL2(Z) penieTxa ^'L ^ zL saMennTca na 

A^(^) = Z + 7(z)Z ^ {cz + dy^iZ + zZ) (cz + d)~^A^, 



a KpHBaH (3.141 npnMeT KanonnnecKyio (J)opMy BeiiepniTpacca c K034)4)Hn,HeHTaMH 

52(7^) = {cz + dfg2{z), gziliz)) = [cz + d)*'<?3(2). 



/JncKpHMnnanT Ky6HnecKoro MHoronjiena cnpaBa (|3.14| ABJiaeTCH MO^yjiflpnoii napa6ojiHnecKOH 

(3.15) 



4)opMOH Beca 12 OTnocnTejibno rpynnbi T — SL2(Z): 
2^4(^3 _ 27^2) ^ 

2-\2^f\ n (1 - 9")^' - 2-4(27r)i2 r(n)g», 
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r^e T(n) 4)yHKLi,Hfl PaMaHy^jKana. Xlpn stom 4)yHKLi,Hfl 

j{z) = 1728 3 % , = - + 7U+Y^ c{n)q- (3.16) 

MepoMop(J)Ha Ha H H B cxi, h ne MenaeTCfl npn ^po6HO-jiHHeiiHbix npeo6pa30BaHHflx c MaTpnijaMH 
H3 r = SL2(Z). 9Ta (J)yHKLi,HH floCTaBJiaeT BajKHbiii npHMep ModyAMpuou ^yuKi^uu h nasbiBaeTCH 
Modt/AMpHUM UHeapuawmoM 

3.2 Mo^yjiapHbie cJjopMbi khk BbiHHCJiHTejibHoe cpe^CTBO pemeHHH sa- 
flan apHcJjMeTHKH 

TaKHM 06pa30M, mm MOJKeM paCCMaTpHBaTb MO^yjIflpHbie (J)OpMbI KaK 

oo 

1) cmeneHHue pjidu f = a„(7" £ h KaK 

n=0 

2) zoAOMop^Hue ^yHK%uu Ha eepxHeu noAyriAOCKOcmu 

H = {z e C I Im z > 0}, 

oo 

r^e q = exp(27riz), z £ M, n paccMOTpHM L-cjayHKiinro L{f,s,x) — x("-)Qra^~^ AJifl JiK)6oro 

n=l 

xapaKTepa /JnpHXJie % : (TLjNTL^* — > C*, nanpHMep, ^jia CHMBOJia 5Iko6h x('^) ~ (;^)- 
Eme o^HH MBTOfl BbiHHCJieHHH (JiyHKi^HH PaMaHy^:a<;aHa: 

oo oo d 

n=l d\n d=l ^ 

;n;oKa3biBaeTCfl: A = (£;| - £;|)/1728, r^e = 1 + 240/i4 h = 1 - 504/i6: 

BbiHHCJieHHe c PARI-GP 
(cm. IBBBCO]). 

n=l din d=l ^ 

gp > h6=suin(d=l,20,d~5*q-d/(l-q~d)+0(q~20)) 
gp > h4=sum(d=l,20,d-3*q-d/(l-q-d)+0(q~20) 
gp > Delta=((l+240*h4)-3-(l-504*h6)-2)/1728 

q - 24*q-2 + 252*q-3 - 1472+q-4 + 4830*q-5 - 6048+q-6 - 16744+q-7 

+ 84480*q-8 - 113643*q-9 - 115920+q-lO + 534612*q-ll 

- 370944*q-12 - 577738*q-13 + 401856*q-14 + 1217160*q-15 

+ 987136*q-16 - 6905934+q-17+ 2727432*q-18 + 10661420*q-19 + 0(q-20) 

CpaBHeHHe PaMaHy/i;»caHa: T(n) = d^^ mod 691 : 

d\n 
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gp > (Delta-hl2)/691 

7.10 = -3+q-2 - 256*q-3 - 6075*q-4 - 70656*q-5 - 525300*q-6 

- 2861568*q-7 - 12437115*q-8 - 45414400*q-9 

- 144788634*q-10 - 412896000*q-ll - 1075797268*q-12 

- 2593575936*q-13 - 5863302600*q-14 - 12517805568*q-15 

- 25471460475*q-16 - 49597544448*q-17 

- 93053764671+q-18 - 168582124800+q-19 + 0(q-20) 

BoT erne Tpn nporpaMMbi BbiHHCJieHHH r(n) (cm. [Sloane] ) 

PROGRAM 



(MAGMA) M12 : =ModularForms (GaimnaO (1) , 12) ; tl : =Basis (M12) [2] ; 
PowerSeries(tl [1] , 100); Coef f icients ($1) ; 



(PARI) a(n)=if(n<l, 0, polcoef f (x*eta(x+x*0(x~n) ) "24, n) ) 

(PARI) {tau(n)=if (n<l, 0, polcoef f (x* (sum(i=l , (sqrtint (8*n-7)+l) \2 , 

(-l)-i*(2*i-l)*x-((i-2-i)/2) , 0(x-ii)))-8, n));} 

gp > tau(6911) 

7.3 = -615012709514736031488 

gp > ## 

*++ last result computed in 3,735 ms . 



CxeMa npHMeneHHa MO^yJiapHbix (J)opM fljia pemeHHa sa^an TeopHH hh- 
ceji: 



IlpOHSBOflflmafl 
(JjyHKIIHfl 

/ = T,n=0 

e C[[q]] 

fljifl apHcjjMeTHHecKoii 
(|)yHKLi;HH n I— > a„, 
HanpHMep a„ = p{n) 
IIpHMep 1 (cm. |Chand70] l: 

(Xap^H-PaMaHy^jKan) 



BbipajKeHHe Hepes 
MO^yjiflpnyK) (JjopMy, 
HanpHMep 

oo 
n=0 

= (a/q)-i/24 
T 



Hhcjio 
(oTBeT) 



T 



Xopomne 6a3HCbi SHaHenHfl 

KOneHHOMepHOCTb L-4)yHKLl,Hii, 

MHoro cooTHomeHHii cpaBHenHH, 

H TOJK^eCTB 

IIpHMep 2 (cm. b jMa-PaOS] . rjiaBM 6 h 7): TeopeMa OepMa-Yaiijica, rnnoTesa BepHa-CynHHepTOHa- 
/Jaiiepa, . . . 



,7rV2/3(n-l/24) 
I - 1/24, 



15 



4 Pa^bi SiiseHniTeHHa h cpaBHCHHa ^Jisi (J)yHKu,HH PaMany^- 
^^caHa* 

Pa^Bi 3H3eHmTeHHa h hx paajioxceHHe «l»ypi>e. 

IlycTb k > 2. Jinn pemeTKH A C C nojio>KHM 

Gfc(A) = ^r'^ = {moJi + noj2)~'', A = (a;i,a;2), 

i£A m,n 
3tOT pflfl CXOflHTCfl aScOJIKDTHO flJIfl fc > 2. 

IIpe^jioaceHHe 4.1 ('a^ HjueeM 

Gk{z)= ^'(m2 + n)-'=eMfc(r(l)); 



= 2C(fc) 



2fc v-^ 



=: 2C(fc)i;fe(^), 



g(9e q = e{z) = exp(27ri2;), hucau BepnyAAU onpedeAeuHue pasAOCHceHueM 



fe=0 



BOT HeCKOJIbKO HHCJieHHblX SHaHeHHH: 



Bq = I, Bi — B2 — B3 — B5 

2 D 



0, Bi 
3617 



HMeeM C(fc) 



^_(27n)^Bfc 
2 fc! ' 



-B18 = — 



43867 



30' ' 42' 



798 



(27ri)'= 



2fc 



Tl=l 



(27ri)'= 
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IIpHMepbl. 



Ei{z) = 1 + 240 ^CT3(7i)g" eM4(SL(2,Z)), 

n=l 

oo 

Ee{z) = 1 -504 ^a5(7i)g" eM6(SL(2,Z)), 

n=l 

oo 

Es{z) = 1 + 480 ^ ff7(«)g" e M8(SL(2, Z)), 



n=l 



£;io(z) = 1 - 264 ^ a9(n)(7" e Mio(SL(2, Z)), 



n=l 

CX3 



Ei2{z) = 1 + ^ '^11^9" € ^i2(SL(2, Z)), 



691 

n—1 



Eu{z) = 1 - 24 ^ ffi3(ri)g" e Mi4(SL(2, Z)). 



n=l 

ffoKaaameAbcmeo. ABTOMop(|)HOCTb Hcna, nocKOJibKy Gfc(AA) = A^*''Gfc(A) nosTOMy flBJiaeTCfl 
odHopoduou (pyHKHflieu pemeniKU CTenenn o^Hopo^HOCTH — fc, h 

Gfc(z) = Gfc(A,), G,(7z) - Gfe(A^,) = Gfe((l, ^^)) 

= Gk{{cz + dy^{cz + d,az + h)) = {cz + d)^Gk{{cz + d,az + b)) = [cz + d)''Gk{K) = {cz + d)'' G k{z) , 

nocKOJibKy {cz + d, az + b) = (1, z) flJiR Bcex G 5'L2(Z). 

/JjiH HaxojK^eHHH pasjioxeHHfl fl)ypbe HcnojibsyeTCfl nsBecTHoe pasjiojKeHne CHHyca b 6ecK0HeH- 
Hoe npoHSBe^eHHe: 

-,2 



sin(7ra) = Tra J| ( 1 - j . (4.17) 



JlorapHcjjMHHecKaa npoHSBO^naa (4.171 ^aeT 



1/1 1 \ 

TTctgTra = - + V • (4.18) 

a ^-^ \a + n a — n J 

SaMeTHM, HTO 

27^^^e2'^"^ (4.19) 



TTi — : — — m -\ — = ni ■ 



H nojiojKHM X = 27ria; OTcro^a 



oo „ 2 

2 - 1 ^ + a;2 - (27rm)2 ' 

n—l ^ ^ 
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\2'KinJ 
\27rm/ 

""^"^^ ^ (27rm) X! 



n=l k=2k'>2 



C(fc) 

k=2k'>2 ^ ' 



3to Henocpe^CTBeHHO ^aeT 



C(A=) 



(2TnfBk 
2 fc! ^ 



(4.20) 



B HaCTHOCTH, 



C(2) = ^,C(4) = ^. 



HToSbi flOKaaaTb (6), npoBO^HTca ^HcjacjDepeHiiHpoBaHHe o6eHx HacTeii (4.191 no nepeMenHoii a 
{k — 1) pa3: 

oo 

-(27ri)'^'^n'=^ie2""'^ = (-l)'=-i(fc - 1)! ^(a + n)~^ (A: e 2Z,fc > 2). (4.21) 

n=l nSZ 

IlojiojKHM a = mz, Tor^a 



(27rz)* 



k °° 



-fe 



(4.22) 



(A: - 1)! ^ 

^ ^ n=l neZ 

EcjiH Tenepb > 2, to mojkho npocyMMHpoBaTb no m ot 1 ^o oo. B pesyjibTaie SToro nojiynnM 



Gfe(z) = 2C(fc) + 2^ J2 {mz + n)-'' ^ 2({k) 



m — 1 n— — oo 



2k 



1 y d'^-lq"'' 



(4.23) 



OTMeTnM, HTO ^BOHHoii pfl^ B (4.23 1 a6cojiK)THO cxo^HTCfl npn fc > 2 no pa^ (4.231 nneeT cmmcji 



H npn k — 2 Kax ycjiOBHO cxo^flniniicfl pa^. /JoKasaTejibCTBO aaBepmaeTca no^CTanoBKoii (4.201 b 



(4.231. 



TeopeMa 4.2 Tlycmb A(z) = 9 (l - g™)^*. Togda UMecM 



m>l 



(cm. TaKJKe [Se70]). 
JJoKasameAbcmeo. IIojiojkhm 



A{-z-') = z''A{z) 



£;2(^) = l-24^(Ti(n)g". 
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IlMeeM 



I 1 <x> , 

- log(A(2)) log g + 24 ^ - log(l - r) = 
az az ^ — ^ az 

m—l 

oo , 

27ri(l - 24 y mq{l - g™)"^) = 27ri£;2(z), = 2TTiq. 

m—l 



/^ocTaTOHHO flOKasaTb cjie^yromee npe^jiojKeHHe: 

npe^jio»ceHHe 4.3 



z-2£;2(-z-i) = £;2(z) + -i^. (5.6 



JJoKoaameAbcmeo npedAoofceHUM. HcnojibsyeTCH pa^ ( |4.23 I c k — 2 cxo^fliri,HHCa ycjiOBHO 



^ oo ^ oo 

^'^^^"2C(2) ^ 51 ("^^ + ")" 



V": 



^0 



oo / oo > 

-2 



1+;|E (rnz + n) A ^ I + ^ i ^ (mz + n 

m^O \n— — oo / m—l \n— — oo 

T^jiH 4)HKCHpoBaHHoro m HMeeM 

oo . oo oo 

J2 {mz + = 1 - _ ^ dq"^^ = 1 ^ 24 ^ a^{n)q" . 

n— — oo ^ d—1 n—1 

BbinojiHHM no^cxaHOBKy 



^ OO I OO \ 2 oo 

'■^-'^'^ ^ 2C(2) E E (-™+"^)' =1 + ^ E E("^^+")" 

' m— — OO \ Ti= — oo / n— — oo m^O 

\ / 



EcjiH nojiojKHTb am,n ~ {jnz + n) ^, TO ^OKaaaTejibCTBO cbo^htca k npoBepKe paBencTBa 



2'Kiz 

m n n m 

/Jjifl ero ^OKasaTejibCTBa bbo^htca nonpaBOHHbiii HJien 

^ 7 T Tu ^ 7 ^ TT ~ 7 (4.24) 

(mz + n — lj(mz + nj [mz + n — l) [mz + n) 

IloJiyHaeTCfl MOflH(J)HLl,HpOBaHHblii pHfl 

3 °° 

^2W-1 + ^E E + (4.25) 

m^O n = — oo 

KOTopbiii yjKe a6cojiK)THO cxo^htca nocKOJibKy 

{mz + n)^^ — {{mz + n — l){mz + n))^^ = {mz + n)^'^{mz + n — 1)^"'^. 
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C flpyrOH CTOpOHbl, 

1 + V I V {mz + ny'^ I + A V V (7 ^ 7 - 7 ^ TT ) 

\ I I ^2 A^ A^ \ + n) [mz + n - 1) / 



H nocjie^HSH cyMMa npeo6pa3yeTCH b nyjib, nosTOMy 

E2{z) = E2{z). 



HsMeneHHe nopH^Ka cyMMnpoBanHH b (4.251 o6ocHOBaHO b CHJiy a6cojiiOTHoii cxo^hmocth, OTKy^a 

3 °° 

E2{z) = \+^ ^ ^ ((mz + n)-2_6^„(2)) = 
3 °° 



OcTaeTCfl BbiHHCJiHTb nocjie^HK)K) cyMMy: 



= E I E 



O^HaKO 

1 1 /i 2 

E - ^r' = ^Y. - ™)'' - - ^ E rfe— (v^) 

nosTOMy fljiR Bcex z BHeniHHfl cyMMa cxo^htca a6cojiK)THO, h npeo6pa3yeTCfl b 

E ( E b^-^ - E ^ ' 



(mz - iV) (mz + iV) 



m:^0 \n=-Ar+l / m^O 

1 = — I TTftp' I , , , . 

Z J N J Z 



2 ^ / 1 1 \ 2 / / 7r7V\ z \ 27ri 



(, (-7V/Z + m) ^ {-N/z - to) j z ( ( 



npH N —^ 00, z G H, OTKy^a cjie^yeT h npe^jioaceHHe [473] h TeopeMa |4.2[ 

4.1 CipyKTypa npocTpancTB MO^yJiapHbix cJjopM OTHOCHTejibHO SL2(Z). 

(cm. TaK>Ke |Se70] . pp.127-178). 

IlycTb / HenyjieBaa MepoMop(J)Hafl 4)yHKLi,Ha na H, h nycTb p HeKOTopaa TOHxa b H. HaaoBeM 
nopfl^KOM / B p, H o6o3HaHHM ero Hepes Up(/), ijejioe hhcjio n Taxoe, hto (J)yHKiiMa //(z — p)" 
rojiOMop4)Ha H Heo6pairi,aeTCfl b nyjib b tohkb p. 

IlycTb / MOflyjiapnaa 4)yHKLi,Ha Beca k, to paBencTBO 



/(z) = (cz + d)-V 



az + b 
cz + d 
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noKa3biBaeT, hto Vp(f) — w^(-p)(/) ^jih Bcex 7 G F = r(l); ^pyrHMH cjiOBaMH, Vp{f) saeHCHT tojibko 
OT o6pa3a p b T\H. Bojibine Toro, mojkho onpe^ejiHTb h Woo(/) Kax nopa^OK OTHOCHTejibHO q — 

4)yHKLl,HH f(q) — f(z) aCCOIIHHpOBaHHOii C /. IIOJIOJKHM Bp — 2 (cOOTB.ep = 3) eCJIH p SKBHBajieHTHa 
OTHOCHTejibHO T TOHKe i (cOOTB. TOHKe p) , H Bp = 1 B HpOTHBHOM CJiyHae. 

IIpe^jioaceHHe 4.4 (o CTenenn ^HBHSopa MO^yjiapHoii cJjopMbi ) Uycmb f ue- 

Hy./ieeasi ModyAMpnaji ^yHK%usi eeca k omHocumeAbHO r(l). Hmccm 



per(i)\H P 

[MojKHO TaKJKe saHHcaTb 3T0T pe3yjibTaT B BH^e: 

«oo(/) + \v^{f) + \v,{f) + E *'^^'(/) = ^' 

per(i)\H 

r^e CHMBOJi osnanaeT cyMMnpoBanne ho bcbm KJiaccaM tohck r(l)\]HI, otjihhhmm ot KJiac- 

per(i)\H 
COB ToneK i et de p]. 

EcTecTBBHHoe ^OKasaTejibCTBO SToro (JjaKTa HCH0Jib3yeT CTpyxTypy pHManoBoii HOBepxHOCTH na 
r(l)\H, r^e H = H U Q U cx). 

TeopeMa 4.5 (o 4)yHKij;HH PaMaHy^^Kana A h pa^ax 3H3eHmTeHHa) (i) Hmc- 
CM Mfc(r(l)) = pour k <0 uk = 2. 

(a) JJam A: = 0, 4, 6, 8, 10 npocmpaHcmeo !M/c(r(l)) UMeem pasMepuocmb 1 c 6a3ucoM 1, £'4, Eq, Eg, Eiq; 
npu smoM Sfc(r(l)) = 0. 

(in) yMHOotceHue na A onpedeAMem u30Mop^u3M Mfe_i2(r(l)) na §fc(r(l)). 

TeopeMa 4.6 (pasMepnocTH npocTpancTB MO^yJiapHbix cJjopM ^jia SL(2,Z)) 

(a) 

r[^], fc = 2(modl2),fc>0, 

dimMfe(r(l)) i 0, fc EE l(mod2), 

[[^]+l, fc ^ 2(modl2),fc > 0,fc e 2Z. 

[^]-l, fc = 2(modl2),fc > 12, 
dini§fc(r(l)) = <( 0, fc = l(mod2), 



fc ^ 2(modl2),fc > 0,fc e 2Z. 



('(jj TIpouseedeHUM 

{E^E^ I 4a + 6/3 = fc, a, /3 > 0, a, /3 € Z} 
o6pa.3ymm 6a3uc npocmpaHcmea Mfc(r(l)) 

/loKaaame./ihcmeo nenocpe^CTBeHHO cjie^yeT h3 |4.5[ 
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Cjie^CTBHe 4.7 Cnpaeedjiueo paeeucmeo 



/JeiicTBHTejibHO, A(z) e Si2(r(l)), H B CHJiy 2.3 HMeeM dim §i2(r(l)) = 1, ocTaeTca 3aMeTHTb, hto 

(i)yHKLi,Hfl {EI — TaKJKe npHHa^jiejKHT o^HOMepnoMy npocTpancTBy §i2(r(l)), Tax xax o6e 

1728 

(JjyHKiiHH E^jEq HMeroT KOScjacjsHiiHeHT npn q, paBHbiii 1. 

4.2 npHjio:H<;eHHe: ^OKasaTejibCTBO cpaBHeHHa PaMaHy^^Kana 

r(n) = crii(n) mod 691. (4.26) 

^eii CTBHTejIbHO , 

nosTOMy MOJKHO pasjiojKHTb Eq(z) b 6a3Hce {Ei2, A} npocTpancTBa Mi2(r(l)) pa3MepH0CTH 2: 



^^1 = Ei2 + aA, r^e 



, 65520 

1 - 1008? H = 1 + ——(7 H h - 

691 



H • • • = 0((7^). IlosTOMy 



a = -1008 - ^^^^ = — r^e a = -65520(mod691), 
691 691 



H H3 pa3JI0>KeHHfl BblBO^HTCfl. HTO 



^^^aii(n) + -^r(n) G Z, r^e 65520(aii(n) - T{n)) = 0(mod691), 
691 691 



OTKy^a BbiTexaeT cpaBHenne (4.26 1 . 



5 Hncjia BepnyjijiH h cpaBHGHHa KyMMepa 

5.1 CpaBHeHHa fl^Jisi KoscJjcJjHi^HeHTOB pHflOB SiiseHmTeHHa 

IlpHBe^eM npHMep cpaBHenHii MejK^y KOScjjcJjHiiHeHTaMH MO^yjiapHbix 4)opM no MO^yjiro p". 

/Jjifl SToro paccMOTpHM eme o^ny HopMajiH3aLi;Hio pa^OB 9ii3eHmTeHHa, 3aflaHHyio Tax, hto 
K034)4)HLi,HeHTbi <I>ypbe a(n) 3aflaK)T pa^ /JnpHXJie c siijiepoBCKHM npoH3Be^eHHeM, npn stom a(l) = 
1: 

Gfe = ^^Y^^^fc = + E = E ^ E '^('^)^"' = C(-'*)C(s + 1 - fc), 

n— 1 n— n— 1 

a TaK:ace p-HopMajiH3aLi,Hio 
Tor^a 
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"k — 



2 

n=l d\n 

(rf,p) = l 



C*(s) = C(s)(l ^ P = n o6o3HaHaeT ^3eTa-4)yHKLi,HK) PHMana 



n=l C y^ajieHHblM SHJiepOBCKHM p-MHOJKHTejieM. 

(p,n) = l 



ri=0 



TeopeMa 5.1 a) Uycmb k = k' mod {p — ^ mozda = G^., mod e Q|q] (^/f^ ecea; 

fc ^ mod (p- 1). 



5j Uycmb k — k' mod (p — l)p , mosda Bam, Jim6ux c (£ Z, {c,p) — 1, c > 1 umeem: (1— c )GJ 
(1 — c'^ )'^k' mod (6e3 ozpaHUHEHUM, Ha k). 

e) CeMeucmeo KAaccuuecKux ModyAMpuux (fiopM 



sieAHemcsi p-aduuecKU HenpepueuuM Z* c napaMempoM U3 MHoatcecmea 

T-{y>->/,fc>4} 
p-aduHecKux xapaKmepoe spynnu Z*. 



JJoKasameAbcmeo TeopeMbi 5.1 yTBepjK^eHHfl a) h 6) cjie^yiOT h3 b). Jlnsi flOKasaTejibCTBa b) 
nojioxHM fk^ J2 ak{n)q"- 

n>0 

Cjiynai/i n > 0: 3>yHKLi,HH 

k ^ ak{n) = {1 - c'') d''^^ 

d\n 

id,p)=i 

HBJiflHDTCH p-a^HHecKH HenpepbiBHbiMH DO Hx sjieMeHTapHOMy onHcaHHK) (no cpaBHeHHflM Teo- 
peMbi Siijiepa); 

Cjiynai/i n = 0: afe(O) = (1 — c'^)^*(l — fc) paccMaTpHBaeTca c noMombro KJiaccnnecKHx cpaBHenHii 
KyMMepa: aacJjHKCHpyeM nponsBOJibHoe ijejioe hhcjio c € Z, (c,p) = 1, c > 1. 

TeopeMa 5.2 (KyMMep) Uycmb C(p)(-fc) = (l-c''+^)(l-p'')C(-fc), fc > 0, u nycmb /i(a;) = 
^ a^x* g Z[a;] manou, nmo h{a) = mod p'^ Bah ecex a € Z*. Tozda ^ aiCj^p|(— i) = mod p^. 

A/-1 

HcnojibsyeT cyMMbi CTeHeneii Sk{M) — ^ n'°, nncjia Bepnyji- 

n=l 



JJ^OKasamcAbcmeo meopcMU 



5.2 



jiH S/c, H MHoroHJieHbi BepHyjiJiH Bk{x): 

5..(M) = E - - ^^-+1]' E if - « ^^(-) = E ( j^^-' 

n— 1 m—1 i—0 ^ ''^ 
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OTcro^a BbiTexaeT 



Bk^ lim -^Skip"") 



(p-a^HHecKHH npe^eji hbho BbiHCHJiaeTCfl no yKasanHoii 4)opMyjie ^jia Sk{p^) (b nacTHOCTH, ^S'i(p^) — 



2p« 2 

Tlajiee, paccMaTpHBaeTca peryjiflpHSOBaHHaa cyMMa CTeneneii 



n=l 



KOTopaa BbipajKaeTCH nepes nncjia BepnyjiJiH b TepMnnax Sk{N) no (jjopMyjie 



Bfc+i = lim -jrSk+iip ). 



JXjir Bcex n c (p, n) = 1 nneeM cpaBnenne h{n) = O(modp ), n 

N-^oo p" N^oc p" 

N^oo p" N-^oc p" 

Ilo^CTaBHM C(—k) — Tor^a 

fc + 1 



c;;j(-fc) = (c^-+^-i)(i-/-) 



fc + 1 



p 



M 



k+l 



mod p 



N 



(5.27) 



(fljiH floCTaTonno 6ojibmoro M > N). IlpaBcLH nacTb (5.271 npeo6pa3yeTCfl k Bn^y 



E 



^ • (fc + 

n— 1 ^ 



^ »i=l ^ 

pfn 



(fc+1) 



(5.28) 



r^e ric nepecTanoBKa Mnoac ecxBa {1, 2, . . . ,p — 1} sa^annaH ric = nc (mod p ). Xlo^CTaBHM 
cn = Uc+p^tn, t„&ZB (|5.28f: 



(nc)fe+i - ng+i 
p^ ■{k+ 1) 



t„ • mod p 



M 



nosTOMy C(p)(~^) = i • mod r^e t„ = t{n,c) ne saBHCHT ot fc. HTo6bi sabepmnTb flo- 

n=l 

Ka3aTejibCTB0, no^CTaBHM 3T0 cpaBnenne b jinneiinyK) KOM6nnan,nio ns TeopeMbi |5.2| ncnojibsya 
npeflnojioxceHi/ie 



h{x) = mod p^ : E "^C(p) (-^) = E ' ^^"^"^ = ^ ^'-'^ 



n=l 
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Cjie^CTBHe 5.3 (p-adunecKasi Henpepueuocmh C(p)(~fc) ^ npospeccusix no niod(p — 1)^. Ecau 
h{x) = x'^ — x^' , k = k' mod {p — mo 

c;;;(-fc)^cS(-fc') modp^. 



J^oKaaamejihcmeo cjie^CTBHfl 5.3 Ilo TeopeMe 3iijiepa HMeeM h{a) = Omodp^, nocKOJiBKy 
qvCp") ^ 1 (niod p^), (a,p) = 1. 

5.2 p-a^HHecKoe HHTerpHpoBaHne h Mepa Maaypa 

B jj-a^HHecKoii TeopHH HHTerpHpoBanHfl paccMaTpHBaeTca noAe Tsuma, Cp — Qp (nonojineHHe 
ajire6paHHecKoro saMbiKanHH nojiH p-a^HHecKHx hhcbji Qp), KOTopoe cjiyjKHT anajioroM nojia komd- 
jieKCHbix HHceji, TaK KaK Cp ajire6paHHecKH 3aMKHyT0, h HBJiaeTCH TonojiornHecKH nojiHbiM mbt- 
pHHeCKHM npocTpancTBOM c HopMoii I • Ip, \p\p = i. 

IlycTb i? jiK)6oe 3aMKHyToe no^KOJibijo b Cp, M - TonojiorHHecKHii _R-MO^yjib h C(y, i?) - Tono- 
jiorHHecKHii MO^yjib Bcex i?-3HaHHbix HenpepbiBHbix (jjyHKiiHii na npoKoneHHOM MHOJKecTBe Y — Z*, 
H Step(y, R) - i?-MOflyjib Bcex jiOKajibHO-nocTOflHHbix 4)yHKLi,Hii Ha Y (b ^anHOM cjiyHae Bce CTy- 
neHHaTbie (J)yHKLi,HH HenpepbiBHbi!). 

HanoMHHM, HTO pacnpedeACHue iinaYco snaHeHHAMH b M 3to KOHeHHO-a^^HTHBHafl 4)yHKLi,Hfl 
Ha OTKpblTblX no^MHOJKecTBax U d Y: 

foTKpblTbie nOHMHOJKeCTBa 1 

/IpyrHMH cjiOBaMH, fj, - sto roMOMop(J)H3M iJ-MO^yjieii 

fi : Step(r, i?) ^ M 

HanoMHHM, HTO Mepou Ha y co anaHeHHAMH b M HasbiBaeTca HenpepueHuu roMOMop(J)H3M R- 
MO^yjieii 

^ : e(y, i?) — > M. 

OrpaHHHeHHe fi na /J-no^MO^yjib Step(y, R) C C(y, i?) onpe^ejiaeT pacnpe^ejienne, o6o3HaHa- 
eMoe Toii see 6yKB0H fj,, npHHen Mepa /i o^HOSHaHHO onpe^ejiena no cooTBeTCTByiomeMy pacnpe- 
flejieHHHD, nocKOJibKy i?-no^MO^yjib Step(y, i?) "njiOTen" b C(Y,R). 3to yTBepjK^eHne BbipajKaeT 
o6iri,Hii 4)aKT o paBHOMepnoH nenpepbiBHOCTH nenpepbiBHoii (|)yHKLi;HH na KOMnaxTe Y. 



Cjie^CTBHe 5.4 (Masyp) Cymecmeyem eduHcmeeHHUM Qp=3HaHHaA Mepa ^jS'^^ na Z* ma- 

Kasi, Hmo d./isi ecex k > I UMeeM J x^d^^'^^ = C(pj(l ~ fc) = (1 ~ ~ p''~^)C{^ ~ k). 3aMemuM, 

z; 

Hmo C(0)--i, HO CS(0)=0. 

/JeiicTBHTejibHO, ecjiH HHTerpnpoBaTb h{x) no Zp , to nojiynaeTca cpaBnenne KyMMepa ns Teo- 
peMbi |5.1| C Apyroii CToponbi, ^jih onpe^ejiennfl Mepbi, y^OBJieTBopflromeft ycjiOBHSM cjie^CTBHa, 
onpe^ejiHM nnTerpaji J^x ^jia Ka^K^oii nenpepbiBHoii 4)ynKn;HH </> : Zp — > Zp. JJflsi sto- 

ro HcnojibsyeTCH npH6jin}Kenne nenpepbiBnoii (J)ynKn,HH 4){x) MnoronjienaMn {flJiR nnx nnTerpaji 
sa^an no onpe^ejiennro) , aaieM ocTaeTca nepenin k npe^ejiy. CpaeueHUM KyMMepa na TeopeMbi 



5.1 noKasbiBaroT, hto npe^eji KoppexTno onpe^ejien, n ^aeT nnTerpaji ^jih jiio6oh nenpepbiBnoii 



4)ynKn,nn. 
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5.3 p-a^HHecKaa fl3eTa-(J)yHKij;HH KySoTbi — JTeonojib^Ta 

5.3.1 06jiacTb onpe/i;ejieHHH p-a/i;HHecKHX /i;3eTa-(J)yHKLi;HH 

06jiacTbK) onpe^ejieHHfl KOMnjieKCHbix ^seia (jjyHKiiHii aBJiaeTCfl rpynna 

C = Homeo„t(M^C^), s^iy^y'). 

Tlo anajiorHH c KJiaccHHecKHM KOMnjieKCHMM cjiyHaeM o6jiacTbio onpe^ejieHHH p-a^HHecKHx ^seia- 
(i)yHKLi,HH HBJiHeTCfl p-a^HHecKaa rpynna 

Xp — Honicont (^p , ) , 

cocToam,afl h3 Bcex nenpepbiBHbix roMOMOpcjansMOB npoKonennoii rpynnbi b MyjibTnnjiHKaTHB- 

nyio rpynny nojia TsiiTa, Cp = Qp (nonojinenne ajire6paHnecKoro saMbiKannfl nojia p-a^nnecKHX 
nnceji Qp). Mm 6y^eM paccMaTpnBaTb n,ejibie nncjia k xax roMOMOp4)n3Mbi : y i-^ y^ . 

KoHCTpyKn,Ha Ky6oTbi n Jleopojib^Ta ^aeT cymecTBOBanne p-a^nnecKoii anajiHTHnecKoii (jaynK- 
n;HH C^p : Xp —> Cp c e^nncTBennbiM npocTbiM nojirocoM b Tonxe x = Xp^, KOTOpaa CTanoBHTCa 
orpannneHHOH anajininnecKon 4)yHKn,HeH na Xp nocjie yMHOJKenHa na peryjiflpnayroninn mhojkh- 
Tejib (cx(c) — 1), {x € Xp, c £ ); 3Ta (J)yHKn,Ha o^noananno onpe^ejiena ycjiOBneM 

Cp(4) = (l-/)C(-fc) (fc>l). (5.29) 

9tot pesyjibTaT nneeT onenb ecTecTBennyK) HHTepnpeTan,HK) b paMxax Teopnn p-a^nnecKoro 
HHTerpnpoBaHHfl (b CTnjie pesyjibTaTa Masypa, cm. cjie^CTBne 5.4 1 

3aMenaTejibHoe cbohctbo stoh KOHCTpyKn,nH cocTonT b tom, hto ona npnMennMa n jijir Bcex 
xapaKTepoB /^npnxjie x no MO^yjiio CTenenn npocToro nncjia p. SacjjHKCnpyeM BJiojKenne 

ip : Q Cp (5.30) 

H 6yfleM OTOJK^ecTBJiHTb nojie Q c no^nojieM b C n b Cp. Tor^a xapaKTep /^npnxjie Bn^a 

X:(Z/p^Z)><^Q" 
CTanoBHTCfl sjieMenTOM no^rpynnbi Kpynenna 

X;-^CXp = Homeont(Z;,C;) 



H paBencTBO (5.291 ocTaeTca b cnjie n ^Jia cneiinajibHbix ananennn L(—k,x) cooTBeTCTByioninx 
L-pfl^OB /Jnpnxjie 

oo 



£ npocTbie 



npn 3T0M Mbi nneeM 

Cp{xx';)^ip[{l-x{p)p'')L{-k,x)] (fc>l, keZ, xg4°")- (5.31) 
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5.3.2 HeapxHMe^oBO npeo6pa30BaHHe MejiJiHHa 

IlycTb /X o6o3HaHaeT Cp-SHaHHyro Mepy . Tor^a ueapxuMedoeo npeo6pa3oeaHue Mejuiuna Mepbi 
fj, onpeflejifleTCfl paBencTBOM 



Lf^{x) = fi{x) = / xdfi, {x € Xp), (5.32) 

H npe^CTaBJiaeT neKOTopyro orpaHHHeHHyio Cp-anajiHTHHecKyio (J)yHKLi;HK) 

Li^ : Xp — > Cp. (5.33) 

T^eiicTBHTejibHO, orpaHHHeHHOCTb 4)yHKLi,HH OHeBH^Ha nocKOJibKy Bce xapaKTepbi x € Xp npn- 
HHMaiOT SHaHeHHH B Op H /i TaKJKe orpaHHHena. AnajiHTHHHOCTb BbipbiJKaeT o6iri,ee cbohctbo 



HHTerpajia (5.321, nocKOJibKy oh anajiHTHHecKH saBHCHT ot napaneTpa x S Xp. Mojkho ^OKasaTb 
(leopeMa HbacaBa), hto orpanHHenHbie Cp-anajiHTHHecKHe 4)yHKLi,HH B3aHMH0-0flH03HaHH0 coot- 
BeTCTByroT Cp-snaHHbiM MepaM /i na Zp nocpe^CTBOM neapxHMe^OBa npeo6pa30BaHHfl MejiJinna. 

5.3.3 IIpHMep: p-a/i;HHecKaH /i;3eTa-4)yHKLi;HH Ky6oTbi — JIeonojib/i;Ta 



/Jjifl Mepbi Masypa h3 cjie^CTBHs 5.4 (JjyHKiiHfl na Xp 



Cp{x) = (1 - c-^x{c)-^) ' (x) {x £ Xp) (5.34) 

o^H03HaHHO onpe^ejiena h rojiOMopcjana 3a HCKJiroHeHHeM e^HHCTBeHHoro npocToro nojiroca b TOHxe 
X — Xp^, H CTaHOBHTca orpaHHHeHHoii anajiHTHHecKoii (jjyHKiiHeii na Xp nocjie yMHOJKenHa na 
peryjiflpH3yK)iri,Hii MHOJKHTejib (cx(c) — 1), (x € Xp, c € Z^ ); 3Ta (jjyHKiiHfl 0flH03HaHH0 onpe^ejiena 



ycjiOBHeM (5.29 1. 



IIpHSHaTejibHOCTb aBTopa 

HcKpeHHe 6jiaroflapK) 9pHecTa BopncoBHHa BHH6epra 3a npHrjiameHne noflroTOBHTb CTaTbro ^jih 
jKypnajia "MaTeMaTHHecKoe IlpocBemeHHe" 2008, nocBflmeHHoro p-a^HHecKHM HHCJiaM h hx npn- 

JIOJKeHHflM. 
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